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Abstract
The aerodynamic thrust induced by the air passing through the wind turbine rotor is transferred on to the tower and support
structure, causing vibrations with increased fatigue as a consequence. To support the development of control strategies with the
aim of reducing structural wear this paper provides a computationally eﬃcient simulation model for the aerodynamic thrust on
a wind turbine. The model is based on an equivalent wind formulation accounting for the eﬀect of wind shear, tower shadow,
turbulence and rotational sampling. Wind shear is shown to have a depleting eﬀect on the mean rotor thrust. Both wind shear
and tower shadow cause thrust variations oscillating with the blade passing frequency, the eﬀect of wind shear is however small
compared to the eﬀect of tower shadow in this regard. The model accounting for turbulence and rotational sampling is veriﬁed
by comparison with results obtained using the software code HAWC2 by DTU Wind Energy. The model shows good agreement
although thrust variations are slighlty overestimated due to the lack of unsteady aerodynamics in the model.
c© 2016 The Authors. Published by Elsevier Ltd.
Peer-review under responsibility of SINTEF Energi AS.
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1. Introduction
As the wind turbine blades pass through their arc of motion they will encounter a constantly changing wind ﬁeld,
appearing as imbalances and ﬂuctuations in aerodynamic loading [1]. Wind variations experienced by the rotor can
be categorized into deterministic and stochastic components [2]. The stochastic components are caused by short-term
wind variations, also known as turbulence. Because the rotor frequency is normally higher than the frequency of tur-
bulent wind variations, turbulence will be sampled by the rotor. Rotational sampling will appear as cyclic variations
in rotor loads, ﬂuctuating with the blade passing frequency (3P) [3]. In addition, turbulence will cause low-frequent
load variations with magnitude depending on the mean wind speed and level of turbulence [4]. The deterministic
components are caused by persistent disturbances of the wind ﬁeld within the rotor plane. Such disturbances are
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caused by the presence of the tower, and air interacting with the earth surface. Cyclic wind variations within the rotor
plane cause load variations ﬂuctuating with the blade passing frequency.
Wind turbines are dynamically sensitive structures, and especially the ﬁrst tower vibration mode is prone to exci-
tation by cyclic load variations induced by stochastic and deterministic wind variations [3,5]. Aerodynamic thrust is
transferred on to the tower and substructure, causing vibrations with increased fatigue as a consequence. Due to the
control systems ability to directly inﬂuence the aerodynamic loading of the rotor, numerous control strategies have
been developed with the aim of reducing structural wear. Currently available control strategies are based on passive
load mitigation by avoidance of excitation frequencies and pitching of the blades to reduce the mean aerodynamic
thrust at certain wind speeds. Examples of strategies for active load mitigation are active tower damping based on
tower acceleration feedback or LiDAR measurements, or the use of individual pitch control to counteract wind vari-
ations within the rotor plane [6]. To support the development of both active and passive control strategies for load
mitigation there is a need for a computationally eﬃcient simulation model for aerodynamic thrust that accounts for
the main causes of load variations on the rotor. The aim of this paper is to provide such a model.
The concept of an equivalent wind speed was ﬁrst presented in [7]. The method is based on the idea of representing
the complete wind ﬁeld encountered by the rotor by a single wind time-series. This time-series can further be used
as input to a computationally simple mathematical representation of the rotor aerodynamics for calculations of thrust
and torque [8]. The equivalent wind speed approach provides a computationally eﬃcient alternative to more time
consuming methods such as the blade element momentum theory (BEM) or the generalized dynamic wake method
(GDW).[7] developed an equivalent wind formulation for aerodynamic torque accounting for the eﬀect of turbulence
and rotational sampling. These results were used by [8] to develop wind models for power ﬂuctuations from wind
farms. Furthermore, [9] extended the work of [7] by including the eﬀect of tower shadow and wind shear.
The main contribution of this paper is the development of an equivalent wind formulation for simulation of thrust
variations on a wind turbine. The model accounts for the eﬀect of wind shear, tower shadow, turbulence and rotational
sampling.
The paper is organized as follows: In Section 2 a linearized expression for aerodynamic thrust is derived. In Sec-
tions 3 and 4 equivalent wind formulations accounting for deterministic and stochastic thrust variations are derived.
In Section 5 thrust variations caused by are wind shear, tower shadow are studied through simulations, and the model
accounting for turbulence and rotational sampling is veriﬁed by comparison with results obtained from HAWC2 by
DTU Wind Energy. Section 6 concludes the paper.
2. EQUIVALENT THRUST
The aerodynamic thrust induced by the air passing through the rotor is given by
z
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Fig. 1: Rotor reference frame
Taero(t) =
1
2
ρAV(t)2CT (λ, β) (1)
where A is the rotor area,V(t) is the wind speed at time t, ρ is the
air density, and CT (λ) is the thrust coeﬃcient depending on the
tip-speed ratio deﬁned as λ = ωRV(t) where ω is the rotor angular
velocity and R is the rotor radius [10]. Eq. (1) can be simpliﬁed
by a linearization about the mean wind speed V0 and correspond-
ing tip speed ratio λ0, resulting in
Taero =Taero
∣∣∣∣∣
V=V0
+
∂Taero
∂V
∣∣∣∣∣
V=V0
ΔV
=
1
2
ρAV20CT (λ0) + ρAV0CT (λ0)ΔV
(2)
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where ΔV = V(t) − V0. For a three-bladed rotor the expression
in (1) can be written as sum over the three blades, resulting in
Taero(t) =
3∑
n=1
Tn(t) (3)
where Tn(t) is the resultant thrust for blade n. Linearising Tn(t) about the mean wind speed V0 gives us
Tn(t) = T (V0) +
∫ R
r0
ψ(r)
(
v(t, r, θn) − V0) dr (4)
where T (V0) is the mean thrust, v(t, r, θn) is the wind speed at radial distance r for blade n in position θn, R is the
rotor radius, r0 is the blade root radius and ψ(r) is the inﬂuence coeﬃcient expressing the inﬂuence of the aerodynamic
thrust at radius r [8]. The rotor parameters are deﬁned in Fig. (1). Inserting the linearized blade thrust Tn(t) into (3),
yield the total aerodynamic thrust
Taero(t) = 3T (V0) +
3∑
n=1
∫ R
r0
ψ(r)
(
v(t, r, θn) − V0) dr (5)
Deﬁning an equivalent wind speed veq(t, θ) as the spatially independent wind speed producing the same aerodynamic
thrust as the actual wind ﬁeld in (5), veq(t, θ) must satisfy
Taero(t) = 3T (V0) +
3∑
n=1
∫ R
r0
ψ(r)
(
veq(t, θ) − V0) dr (6)
The equivalent wind speed expressed as the mean of the contributions from the three blades is found by combining
(5) and (6), resulting in
veq(t, θ) =
1
3
3∑
n=1
∫ R
r0
ψ(r)v(t, r, θn) dr∫ R
r0
ψ(r) dr
(7)
For thrust calculations the inﬂuence coeﬃcient ψ(r) = k can be assumed constant, leading to
veq(t, θ) =
1
3(R − r0)
3∑
n=1
∫ R
r0
v(t, r, θn) dr (8)
3. DETERMINISTIC THRUST VARIATIONS
3.1. Wind shear
The air is slowed down by the friction of the earth surface, and the wind speed will therefore increases with the
height as illustrated in Fig. (2). This eﬀect is known as wind shear and can be described by the following exponential
law:
V
Fig. 2: Vertical wind variation encountered by a wind tur-
bine
V(z) = Vre f (
z
zre f
)α (9)
where α is the surface roughness exponent, z is the height above
sea level and Vre f is the wind speed at reference height zre f [10].
Choosing hub height H as the reference height and transform-
ing (9) into the rotor frame deﬁned in Fig. (1), yield
V(r, θ) = VH
(
r cos θ + H
H
)α
= VH
(
1 +Ws(r, θ)
)
(10)
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where Ws(r, θ) is denoted in [11] as the wind-shear-shape func-
tion which can be approximated by a truncated Taylor series ex-
pansion. It is pointed out in [9] that for a three-bladed turbine, a
third-order-truncated Taylor series expansion is necessary to capture torque oscillations due to wind shear. The same
argument applies to thrust oscillation and Ws(r, θ) is therefore approximated by
Ws(r, θ) ≈ α
( r
H
)
cos θ +
α(α − 1)
2
( r
H
)2
cos2 θ +
α(α − 1)(α − 2)
6
( r
H
)3
cos3 θ (11)
Inserting (11) into (8), yield
veq,ws(t, θ) =
1
3(R − r0)
3∑
n=1
∫ R
r0
VH
(
α
( r
H
)
cos θn +
α(α − 1)
2
( r
H
)2
cos2 θn +
α(α − 1)(α − 2)
6
( r
H
)3
cos3 θn
)
dr (12)
which can be solved, leading to
veq,ws(t, θ) =
1
3
VH
3∑
n=1
(
α
2
(
(R − r0)
H
)
cos θn +
α(α − 1)
6
(
(R − r0)
H
)2
cos2 θn +
α(α − 1)(α − 2)
24
(
(R − r0)
H
)3
cos3 θn
)
(13)
Following [9], (13) is simpliﬁed using the relation between the blade angles θn given by
θ = θ1, θ2 = θ1 +
2π
3
and θ3 = θ1 +
4π
3
(14)
and trigonometric identities, leading the following sums for the trigonometric function:
3∑
n=1
cos θn = 0,
3∑
n=1
cos2 θn =
3
2
and
3∑
n=1
cos3 θn =
3
4
cos 3θ (15)
The ﬁnal expression for equivalent wind speed accounting for wind shear becomes
veq,ws(t, θ) = VH
(
α(α − 1)
12
(
(R − r0)
H
)2
+
α(α − 1)(α − 2)
96
(
(R − r0)
H
)3
cos 3θ
)
(16)
The relationship between hub height wind speed VH and mean wind speed V0 is given as [9]
V0 = mVH (17)
where
m =
[
1 +
α(α − 1)R2
8H2
]
(18)
3.2. Tower shadow
Vts
Rotor plane
b
a
y
x
Fig. 3: Wind ﬁeld encountered by the blades directly in front of
the tower [4].
The presence of the tower will alter the local wind ﬁeld.
This eﬀect, known as tower shadow, is illustrated in Fig. (3).
For an upwind turbine the blades will encounter a reduced
wind speed when passing the tower. This will in turn lead to
a cyclic reduction in thrust, ﬂuctuating with the blade passing
frequency.
[9] propose the use of the following expression, derived
by use of potential ﬂow theory, to describe the wind ﬁeld in
close vicinity of the tower:
Vts = V0
(
1 + a2
y2 − x2
(x2 + y2)2
)
(19)
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In (19) V0 is the mean wind speed, and the spatial coordinates x and y is deﬁned in Fig. (3) together with the tower
radius a. Deﬁning x equal to the rotor overhang b and transforming y into the rotor frame, yield
V = V0
(
1 + a2
(r sin θ)2 − b2
(b2 + (r sin θ)2)2
)
(20)
where r and θ are deﬁned in Fig. (1). Deﬁning θn = 0 as a blade in upright position, (20) is valid for 90◦ < θ < 270◦,
i.e when a blade is within the lower half of the rotor plane. Inserting the second term of (20) into (8), yield
veq,ts(t, θ) =
1
3(R − r0)
3∑
n=1
∫ R
r0
V0a2
(
(r sin θ)2 − b2
(b2 + (r sin θ)2)2
)
dr (21)
Finally, solving the integral in (21) gives us the equivalent wind speed accounting for tower shadow:
veq,ts(t, θ) =
V0a2
3(R − r0)
3∑
n=1
(
r0
r20 sin
2 θn + b2
− R
R2 sin2 θn + b2
)
(22)
4. STOCHASTIC THRUST VARIATIONS le
Eddy
V0
(a) Eddy passing trough a wind turbine rotor.
ωR
Eddy
1
2
3
(b) Eddy in the rotor plane.
Fig. 4: Illustration of Taylor’s frozen turbulence hypothesis
applied to a wind turbine [3].
Short-term wind variations, frequently referred to as turbu-
lence, are usually described in terms of statistical properties. Ac-
cording to [4] a good measure of the level of turbulence is the
turbulence intensity given by
Iv˜ =
σv˜
V0
(23)
where σv˜ is the standard deviation of wind ﬂuctuations about
mean wind speed V0. Turbulence intensity depends on the sur-
face roughness and local meteorological eﬀects and is therefore
a site-speciﬁc parameter.
Turbulence is modeled using frequency spectra i.e a spectral
density function describing the frequency content of wind ﬂuc-
tuations. A commonly used frequency spectrum is the Kaimal
spectrum which is given by
S K( f ) =
4Lv˜/V0
(1 + 6 f Lv˜/V0)5/3
σ2v˜ (24)
where Lv˜ is the site and altitude dependent turbulence length
scale and f is the turbulence frequency [4].
4.1. Cross-correlation and rotational sampling
The spectrum in (24) is used to describe the single point turbu-
lence. However, as the blades pass through their arc of motion,
the spatial variation in the wind speed also becomes important
[4].
The concept of turbulence sampling is best explained by
means of Taylor’s frozen turbulence hypothesis ﬁrst presented
in [12] and further explained in [3]. Following this hypothesis,
turbulence is modeled as time invariant eddies, ﬂoating with the
mean wind speed V0. Fig. (4) show an eddy passing through a
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wind turbine rotor. A blade will pass a certain point in space once every revolution. Because the rotational frequency
of the rotor is normally higher than that of the turbulence, the blades will sample the turbulence and experience a
diﬀerent wind spectrum than the single point spectrum.
The rotationally sampled spectrum is deﬁned by the cross-correlation between diﬀerent points in space. This is ex-
empliﬁed by Fig. (4b), where the points 1 and 2 have a high coherence, while 1 and 3 have a low coherence. Deﬁning
le as the length of the eddy, the turbulence frequency becomes
f =
V0
le
(25)
Eq. (25) and Fig (4) implies that the low-frequent turbulence will aﬀect a larger part of the rotor.
Spatial cross-correlation is described by coherence functions. Based on the previous discussion, these functions
will mainly depend on the spatial extent of the turbulence and the separation distance between two points [4]. IEC
[13] suggests the following exponential coherence function:
χ2( f , d) = exp
[
−12 ·
√(0.12 · d
Lc
)2
+
( f · d
V0
)2]2
(26)
where Lc = Lv˜ is equal to the turbulence length scale for the Kaimal spectrum. A similar, simpler model is proposed
by Davenport [14]:
χ2( f , d) = exp
[
−c ·
(
f · d
V0
)]
(27)
In (27) c is the decay constant depending on the non-dimensionalized frequency
fˆ =
(
f · d
V0
)
(28)
and local weather conditions [2].
For the purpose of deriving an equivalent wind formulation accounting for turbulent wind ﬂuctuations the Dav-
enport model will be used, and the decay constant c is determined by a curve-ﬁtting of (27) to the IEC model in
(26).
4.2. Equivalent wind formulation
A method for deriving the equivalent wind speed, taking into account turbulent wind ﬂuctuations and rotational
sampling, is outlined in [8]. The total equivalent wind speed for a three-bladed rotor is given by
veq,turb(t) =
1
3
3∑
n=1
vn(t, θn) (29)
where vn(t, θn) is the weighted wind speed for one blade. Following [7] vn(t, θn) is expanded in the rotor plane,
resulting in
vn(t, θn) =
∞∑
k=−∞
v˜n,k(t)e jkθn (30)
where the kth expansion coeﬃcient and v˜n,k(t) is given by
v˜n,k(t) =
1
2π
∫ 2π
0
vn(t, θn)e− jnθ dθ (31)
Combining (31) and (29) result in the total equivalent wind speed given by
veq,turb(t) =
∞∑
k=−∞
v˜n,3k(t)e j3kθ (32)
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where θ is the rotor position. In (32) all harmonics except multiples of three is canceled out due to the symmetry of
the rotor [8]. Eq (32) is simpliﬁed by only including the 0th and 3rd harmonics, resulting in
veq,turb(t) = v˜eq,0(t) + 2Re{v˜eq,3(t)} cos(3θ) + 2Im{v˜eq,3(t)} sin(3θ) (33)
The azimuth expansion coeﬃcients v˜eq,n(t) in (33) can be described by their spectral densities, given by
S v˜eq,n ( f ) = Fv˜eq,n ( f ) · S K( f ) (34)
where S K( f ) is the single point turbulence spectrum given by the Kaimal spectrum in (24) and Fv˜eq,n ( f ) is the admit-
tance function [2]. A general expression for the admittance function is given by
Fv˜eq,n ( f ) =
∫ R
r1,0
∫ R
r2,0
ψ1(r1)ψ2(r2) 12π
∫ 2π
0 χ
(
f , d
)
cos nθ dθ dr1 dr2∫ R
r1,0
ψ1(r1) dr1
∫ R
r2,0
ψ2(r2) dr2
∫ R
r1,0
ψ1(r1) dr1
∫ R
r2,0
ψ2(r2) dr2
(35)
where ψ1(r1) and ψ2(r2) are the inﬂuence coeﬃcients for two diﬀerent loads at radii r1 and r2, and χ
(
f , d
)
is the coher-
ence function describing the correlation between two point depending on turbulence frequency f and their distance
given by
d =
√
r21 + r
2
2 − 2r1r2 cos θ (36)
[7] deﬁned a transfer function with magnitude given by
|Hn( j2π f )| =
√
Fv˜eq,n ( f ) (37)
Calculating the transmittance function for diﬀerent frequencies f and harmonics n allows us to estimate the transfer
functions |Hn( j2π f )|. The equivalent wind components v˜eq,n(t) may then be simulated using the transfer function
instead of the transmittance function, resulting in much faster calculations.
Solving the triple integral in (35) using standard numerical integration methods is time consuming. An alternative
solution procedure is therefore proposed by [2]. The method is based on a change of variables and a integration
method utilizing the monotony properties in the integrals.
Assuming constant inﬂuence coeﬃcients ψ1(r1) = ψ2(r2) = k and introducing the change of variables given by
ν =
r1 f
V0
and ρ =
r2 f
νV0
(38)
yield the following transformation of the admittance function:
Fn(ν0) =
R2
(R − r1,0)(R − r2,0)Qn(ν0) (39)
where
Qn(ν0) =
1
2π
( 1
ν0
)2 ∫ ν0
α1,0ν0
ν
∫ ν0
ν
α2,0
ν0
ν
∫ 2π
0
χ
(√
1 + ρ2 − 2ρ cos θν
)
cos nθ dθ dρ dν (40)
and the integration limits are given by the following non-dimenzionalized parameters:
ν0 =
f R
V0
, α1,0 =
r1,0
R
and α2,0 =
r2,0
R
(41)
The transformation allows for the triple integral to be solved independently of the rotor radius R and the mean wind
speed V0. Inserting the blade root radius such that r1,0 = r2,0 = αR, yield
Fn(ν0) =
1
(1 − α)2 Qn(ν0) (42)
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where α = α1,0 = α2,0. Following [7], H0( j2π f ) and H3( j2π f ) are estimated by curve-ﬁtting of shaping ﬁlters to
F0(ν0) and F3(ν0). The shaping ﬁlters are on the form
H(s) =
am(ηs)m + · · · + a1(ηs) + a0
(ηs)n + bn−1(ηs)n−1 + · · · + b1(ηs) + b0 (43)
where η = RV0 . The result are displayed in Fig. (5), showing |H0( j2π f )| and |H3( j2π f )| together with
√
F0(ν0) and√
F3(ν0).
10−3 10−2 10−1 100 101
10−2
10−1
100
ν0
(a
b
s)
 
 
√
F 0(ν0)
|H 0(j2π f ) |
(a) 0th harmonics transfer function |H0( j2π f )| together with √F0(ν0)
10−3 10−2 10−1 100 101
10−2
10−1
ν0
(a
b
s)
 
 √
F 3(ν0)
|H 3(j2π f ) |
(b) 3rd harmonics transfer function |H3( j2π f )| together with √F3(ν0)
Fig. 5: Transfer functions |Hn( j2π f )| ﬁtted to calculated values for the admittance function √F3(ν0).
4.3. Generation of wind time series
Following [10] the components comprising the equivalent wind speed veq(t) are constructed by passing of unitary
white noise through shaping ﬁlters. A signal x(t) with the spectral function given by
S x(s) = G(s)G(−s) (44)
may be constructed by passing of unitary white noise through the ﬁlter G(s) as illustrated in Fig. (6) [15].
Unitary
white
noise
G(s) x(t)
Fig. 6: Construction of a signal by use of a shaping ﬁlters [15].
The 0th harmonics wind component v˜eq,0(t) is simulated by ﬁltering of the single point wind speed vK(t) through
the 0th harmonics shaping ﬁlter H0(s). The single point wind speed is simulated by use of the Kaimal spectrum in
(24), and as proposed by [7] the Kaimal spectrum is rewritten to
S K(s) = HK(s)HK(−s)S w(s) (45)
where S w(s) = 1 is the spectral function of unitary white noise and the shaping ﬁlter HK(s) can be approximated by
HK(s) = GK
a2(γs)2 + a1(γs) + a0
(γs)3 + b2(γs)2 + b1(γs) + b0
(46)
where
GK =
√
4Lv˜σ2v˜
V0
and γ =
Lv˜
V0
(47)
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The coeﬃcients of the shaping ﬁlter is determined by a curve-ﬁtting of HK(s)HK(−s) to S K(s). The resulting ﬁt with
a second order ﬁlter is displayed in Fig. (9) and coeﬃcients are given in the Appendix A. During simulations the gain
GK may need to be multiplied by a scaling factor to make sure the standard deviation of vK is equal to the standard
deviation of turbulence σv˜. The ﬂow chart for simulation of the 0th harmonics wind speed component v˜eq,0(t) is given
in Fig (7).
Unitary
white
noise
HK(s)
Vf
H0(s) v˜eq,0(t)
Fig. 7: Flow chart for construction of the 0th harmonics wind component v˜eq,0(t).
Correspondingly the real and imaginary part of the 3rd harmonics wind components Re{v˜eq,3(t)} and Re{v˜eq,3(t)}
are constructed by ﬁltering of a signal with spectral function given by the Kaimal spectrum through the 3rd harmonics
shaping ﬁlter H3. According to [8] Re{v˜eq,3(t)} and Re{v˜eq,3(t)} are uncorrelated and distributing the variance uniformly
between them results in the ﬂow charts given in Fig (8).
Unitary
white
noise
HK(s)
Vf 1√
2
H3(s) Re{v˜eq,3(t)}
Unitary
white
noise
HK(s)
Vf 1√
2
H3(s) Im{v˜eq,3(t)}
Fig. 8: Flow chart for construction of the 3rd harmonics wind components Re{v˜eq,3(t)} and Re{v˜eq,3(t)}.
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Fig. 9: Third order ﬁlter ﬁtted to the Kaimal spectrum
5. SIMULATION AND VERIFICATION
To assess the importance of including the eﬀect of wind shear and tower shadow in simulations involving aero-
dynamic thrust, a parameter study is performed. A similar study considering aerodynamic torque was carried out in
[9], and their results showed that wind shear cause a reduction in mean torque and that considerable torque variations
oscillating with the blade passing frequency are caused by tower shadow.
Further, the equivalent wind model accounting for turbulence and rotational sampling is veriﬁed by comparison
with results obtained using the software code HAWC2 by DTU Wind Energy. Several measures have been taken to
get comparable results. The simulations are performed with constant rotor speed and constant blade pitch angle to
minimize the inﬂuence of the control systems and additional dynamical parts of the wind turbine. A look-up table
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containing the thrust coeﬃcients for the relevant wind conditions was also generated to achieve comparable aerody-
namic properties. Further, the eﬀect of tower shadow is included in both the equivalent wind model and the model
in HAWC2. Wind shear is not included due to its small inﬂuence on thrust variations. The equivalent wind model
was implemented in Matlab/Simulink and results are compared through six simulations for each wind case with a 10
minute simulation horizon. Parameters used in simulations are based on the 10MW reference wind turbine of [16].
5.1. Wind shear and tower shadow
Figure (10) shows the equivalent thrust due to wind shear normalized by the mean thrust T (V0) for diﬀerent ratios
R
H and wind shear exponents α.
R
H typically range from 0.4 for smaller turbines [9] to 0.75 for large turbines [16].
The wind shear exponent range from 0.1 for low-disturbance surfaces such as sand or shallow waters to 0.3 for suburb
areas [10]. As pointed out in [9], wind shear lead to a mean reduction in equivalent wind. The depleting eﬀect on the
equivalent thrust range from ≈ 0.8% to ≈ 2%. Thrust variation caused by wind shear is limited to ≈ 0.5% and has its
maximum when one of the blades are in upright position.
Figure (12) shows equivalent thrust due to tower shadow normalized by T (V0) for diﬀerent values of tower radius
a and rotor overhang b. The magnitude of thrust variations depend largely on the overhang ratio ab with typical values
ranging from ≈ 0.2 to ≈ 0.33 [4]. For normal overhang ratios thrust variation lies between ≈ 4% and ≈ 8%. For the
more extreme case of ab = 0.5 the change is ≈ 18%, illustrating the importance of considering tower shadow during
design. The tower radius a determines the region of which the blades are aﬀected by the tower. Larger radius yield a
larger region while the thrust variation magnitude remains unchanged for a given overhang ratio.
Figure (12) shows the eﬀect of both wind shear and tower shadow individually and together. The primary source
of thrust variations are tower shadow. Wind shear should still be included due to its inﬂuence on the mean thrust.
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Fig. 10: Normalized equivalent thrust accounting for wind shear for diﬀerent ratios R/H and wind shear exponent α. Additional simulation
parameters are R = 90m, r0 = 0 and V = 10m/s.
5.2. Veriﬁcation of the turbulence model
The power spectral density (PSD) of the single-point wind speed generated using the equivalent wind model com-
pared with the PSD of the hub-height wind speed obtained from HAWC2 is displayed in Fig. (13). The two signals
show good agreement, especially at low frequencies where the PSDs contain the most energy. The small deviation
observed at high frequencies on the logarithmic scale are negligible on a linear scale. Even though the two signals
overall shows good agreement, local deviations are observerd at some frequencies e.g at f ≈ 0.03 [Hz]. The PSDs are
constructed based on six ten-minute simulations, and the statistical information may be limited especially for the low
frequent wind variations. Lack of information is therefore expected to be the reason for these local deviations.
The PSD of thrust time series generated using the equivalent wind model compared with the PSD of thrust at
the rotor shaft obtained from HAWC2 is given in Fig. (14) and (15) for diﬀerent mean wind speeds. The signals
show good agreement with a high energy content at low frequencies and peak located at the blade passing frequency
f3P ≈ 0.46 [Hz]. A deviation in magnitude is observed at the lower frequency range were the equivalent wind model
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Fig. 11: Normalized equivalent thrust accounting for tower shadow for diﬀerent tower radii and overhang ratios ab . Additional simulation parame-
ters are R = 90m, r0 = 0, H = 120m and V = 10m/s.
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Fig. 12: Normalized equivalent thrust accounting for wind shear and tower shadow for R = 90m, r0 = 0, H = 120m, α = 0.3, a = 3.3m and
b = 11m.
in general gives a higher energy content than HAWC2. This is supported by the standard deviation of the signals
given in Table (1) showing that the equivalent wind model exaggerates thrust variations. The model representing the
rotor aerodynamics are based on a look-up table containing the steady-state thrust coeﬃcients. Unsteady aerodynamic
eﬀects are therefore not accounted for, and an overestimation of thrust variations are therefore to be expected. The
opposite is seen at frequencies close to the blade passing frequency where HAWC2 in general gives a higher energy
content than the equivalent wind model. The generator torque controller used in the HAWC2 simulations are not
able to keep the rotor speed absolutely constant resulting in a broader peak with energy distributed over a range of
frequencies. The equivalent wind model produce a signal with a high and narrow peak located exactly at the blade
passing frequency. Lastly, the peak observed in the results from HAWC2 at f ≈ 0.8 [Hz] is caused by 6P rotational
sampling which is not modelled in the equivalent wind model.
In regards to computational eﬃciency a ten minute simulation takes approximately 20 minutes in HAWC2 as
compared to about 6 seconds for the equivalent wind model.
Table 1: Comparison of standard deviation for thrust time series generated with the equivalent wind model and HAWC2 by DTU Wind Energy.
HAWC2 Matlab/Simulink
V0 = 8m/s 1.61 · 105 1.86 · 105 N
V0 = 11.4m/s 1.87 · 105 2.25 · 105 N
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Fig. 13: Single-point wind speed generated with the equivalent wind model compared with the hub-height wind speed obtained from HAWC2 by
DTU Wind Energy. Simulation parameters: R = 89.2m, H = 119m, V0 = 11.4m/s, Iv˜ = 17.4% and Lv˜ = 340m.
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Fig. 14: Thrust time series generated using the equivalent wind model compared with thrust time series obtained from HAWC2 by DTU Wind
Energy. Simulation parameters: V0 = 8m/s, Iv˜ = 20%, Lv˜ = 340m, ω = 0.96rad/s, β = 0, R = 89.2m, and H = 119m.
10−3 10−2 10−1
1010
Frequency [Hz ]
P
o
w
e
r
d
e
n
s
it
y
N
2
H
z
 
 
HAWC2
Wind model
(a) Logarithmic scale.
0.1 0.2 0.3 0.4 0.5
1
2
3
4
5
6 x 10
10
Frequency [Hz ]
P
o
w
e
r
d
e
n
s
it
y
N
2
H
z
 
 
HAWC2
Wind model
(b) Linear scale.
Fig. 15: Thrust time series generated using the equivalent wind model compared with thrust time series obtained from HAWC2 by DTU Wind
Energy. Simulation parameters: V0 = 11.4m/s, Iv˜ = 17.4%, Lv˜ = 340m, ω = 0.96rad/s, β = 0, R = 89.2m, and H = 119m.
6. CONCLUSION
An computationally eﬃcient simulation model for aerodynamic thrust on a three-bladed wind turbine was devel-
oped. The model accounts for the eﬀect of wind shear, tower shadow, turbulence and rotational sampling. A parameter
study was carried out to assess the eﬀect of diﬀerent design parameters on deterministic thrust variations caused by
wind shear and tower shadow. The equivalent wind model accounting for turbulence and rotational sampling was
veriﬁed by comparison with thrust time series generated using the software tool HAWC2 by DTU Wind Energy.
Wind shear will not cause excessive thrust variations, but the reduction in mean thrust of ≈ 2% for some wind
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turbines should be considered. Thrust variations caused by tower shadow are signiﬁcant and can be as large as ≈ 8%
for typical wind turbine design parameters with magnitude depending mainly on the overhang to tower radius ratio.
The thrust time series produced by the equivalent wind model shows good agreement with results obtained using
HAWC2 with high energy content at low frequencies and a peak located at the blade passing frequency. The equiva-
lent wind model is observed to slightly overestimate thrust variations due to the lack of unsteady aerodynamics in the
model. The computational eﬃciency is signiﬁcantly better for the equivalent wind model with a simulation time of
approximately 6 seconds as compared to 20 minutes for HAWC2.
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Appendix A. Shaping ﬁlter parameters
(a) Parameters for HK(s).
n = 0 n = 1
an 4.52 1.714
bn 5.118 7.201
(b) Parameters for H0(s).
n = 0 n = 1
an 0.2953 0.8394
bn 0.3007 1.424
(c) Parameters for H3(s).
n = 0 n = 1 n = 2
an 0.003316 0.2107 0.7835
bn 0.3035 4.528 6.409
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